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Let G be a locally compact abelian group, let m be a bounded complex-valued
Borel measure on G; and let Tm be the corresponding convolution operator on L1ðGÞ:
Let X be a Banach space and let S be a continuous linear operator on X : Then we
show that every linear operator F : X ! L1ðGÞ such that FS ¼ TmF is continuous if
and only if the pair ðS; TmÞ has no critical eigenvalue. # 2002 Elsevier Science (USA)
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Johnson asked in [5, Note 8(iii)] whether every linear operator F : L1ðRÞ
! L1ðRÞ with the property that Fðm*f Þ ¼ m*Fð f Þ for each f 2 L
1ðRÞ is
automatically continuous in the case when m is a ﬁxed bounded complex-
valued Borel measure on R whose Fourier–Stieltjes transform is not
constant on any open interval. This question may also be found in [2,
Unsolved problem 13.5, p. 408]. The same problem has been very recently
suggested again by Laursen and Neumann [6]. In fact, these authors asked
[6, Open problem 6.3.3, p. 639] the following generalization of Johnson’s
question. Suppose that m and n are bounded complex-valued Borel measures
on a locally compact abelian group G such that the corresponding pair
ðTn; TmÞ of convolution operators on L1ðGÞ has no critical eigenvalue. Is
every linear operator F : L1ðGÞ ! L1ðGÞ for which TnF ¼ FTm automati-
cally continuous?
The aim of this paper is to prove the afﬁrmative solution of this
problem.Supported by D.G.I.C.Y.T. Grant PB98-1358.
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OPERATORS
Throughout this section, G stands for a locally compact abelian group, Gˆ
denotes its dual group, and fˆ and #m denote the Fourier transforms of f and m
for all f 2 L1ðGÞ and m 2 MðGÞ; respectively.
Let X and Y be Banach spaces and let S and T be continuous linear
operators on X and Y ; respectively. A standard requirement in order to
obtain a discontinuous linear operator F : X ! Y intertwining with S and T
is the existence of a critical eigenvalue of the pair ðS; TÞ: We recall that a
complex number l is said to be a critical eigenvalue of ðS; TÞ if l is an
eigenvalue of T and ðlIX  SÞðX Þ is of inﬁnite codimension in X : It is
important to note here that if ðS; TÞ has a critical eigenvalue, then there
exists a discontinuous linear operator F : X ! Y such that FS ¼ TF (see
[7, Lemma 3.2]).
A key notion to study the continuity of a linear map F from a Banach
space X into a Banach space Y is that of the separating space SðFÞ of F
which is deﬁned as follows:
SðFÞ ¼ fy 2 Y : there exists ðxnÞ ! 0 in X with ðFðxnÞÞ ! yg:
The separating space measures the closability of F and the closed graph
theorem shows that F is continuous if and only if SðFÞ ¼ f0g: For a
thorough discussion of the separating space we refer the reader to [7].
Theorem 2.1. Let G be a locally compact abelian group, let m be a
bounded complex-valued Borel measure on G; and let Tm be the corresponding
convolution operator f / m* f on L
1ðGÞ: Let X be a Banach space and let S
be a continuous linear operator on X : Suppose that the pair ðS; TmÞ has
no critical eigenvalue. Then every linear operator F : X ! L1ðGÞ such that
FS ¼ TmF is continuous.
Proof. To obtain a contradiction, suppose that F is discontinuous and
therefore that SðFÞaf0g:
We ﬁrst prove that the set
f #mðgÞ : g 2 Gˆ and fˆ ðgÞa0; for some f 2 SðFÞg
is ﬁnite. Conversely, suppose that it is inﬁnite. Let ðgnÞ be a sequence in Gˆ
such that #mðgmÞa #mðgnÞ for nam and such that for every n 2 N there exists
fn 2 SðFÞ such that bfnðgnÞa0: To shorten notation, we write ln ¼ #mðgnÞ for
each n 2 N: Let us denote by IX and IG the identity operators on X and
L1ðGÞ; respectively. Since ðlnIG  TmÞF ¼ FðlnIX  SÞ for each n 2 N; the
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ðl1IG  TmÞ 	 	 	 ðlnIG  TmÞðSðFÞÞ ¼ ðl1IG  TmÞ 	 	 	 ðlnþ1IG  TmÞðSðFÞÞ:
We now observe that the Fourier transform of every function of the latter
set vanishes at gnþ1: Indeed, we have
½ðl1IG  TmÞ 	 	 	 ðlnþ1IG  TmÞð f Þ#ðgnþ1Þ
¼ ðl1  #mðgnþ1ÞÞ 	 	 	 ðlnþ1  #mðgnþ1ÞÞ fˆ ðgnþ1Þ ¼ 0
for each f 2 L1ðGÞ and ﬁnally the continuity of the Fourier transform at gnþ1
gives the desired conclusion. Consequently, the Fourier transform of every
function of the set ðl1IG  TmÞ 	 	 	 ðlnIG  TmÞðSðFÞÞ vanishes at gnþ1: We
thus get
ðl1lnþ1Þ 	 	 	 ðln lnþ1Þ fˆ ðgnþ1Þ ¼ ½ðl1IG TmÞ 	 	 	 ðlnIG TmÞð f Þ#ðgnþ1Þ ¼ 0
for each f 2 SðFÞ: Hence ðl1  lnþ1Þ 	 	 	 ðln  lnþ1Þdfnþ1ðgnþ1Þ ¼ 0: Since
ðl1  lnþ1Þ 	 	 	 ðln  lnþ1Þa0; it follows that dfnþ1ðgnþ1Þ ¼ 0; which contra-
dicts the choice of fnþ1:
Consequently, there exists a1; . . . ; aN 2 C such that
f #mðgÞ : g 2 Gˆ and fˆ ðgÞa0; for some f 2 SðFÞg ¼ fa1; . . . ; aNg:
This clearly implies
ða1IG  TmÞ 	 	 	 ðaNIG  TmÞðSðFÞÞ ¼ f0g:
By removing some of the scalars from the set fa1; . . . ; aNg; if necessary, we
may assume that a1; . . . ; aN are eigenvalues of Tm: On the other hand, since
ðS; TmÞ has no critical eigenvalue, it may be concluded that aiIX  S has
ﬁnite-codimensional range for each i ¼ 1; . . . ; N:
We now write M ¼ ða1IX  SÞ 	 	 	 ðaNIX  SÞðX Þ: From what has
previously been proved, it follows that the codimension of M in X is ﬁnite.
From [7, Lemma 3.3] we now deduce that M is closed in X : We shall denote
by R the continuous linear map from X onto M given by RðxÞ ¼
ða1IX  SÞ 	 	 	 ðaNIX  SÞðxÞ for each x 2 X and we shall denote by C the
restriction of F to M: Since CR ¼ ða1IG  TmÞ 	 	 	 ðaNIG  TmÞF and
ða1IG  TmÞ 	 	 	 ðaNIG  TmÞðSðFÞÞ ¼ f0g; Sinclair [7, Lemma 1.3(i)] shows
that CR is continuous.
Our next goal is to show thatC is continuous. Let ðynÞ be a sequence in M
with lim yn ¼ 0: By the open mapping theorem, R is open, and so there exists
a sequence ðxnÞ in X such that lim xn ¼ 0 and RðxnÞ ¼ yn for each n 2 N:
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continuous.
We are now in a position to prove that F is continuous. This just follows
from the continuity of F on M and the ﬁnite-codimensionality of M : This
contradicts our assumption on F:
Remark 2.1. It should be noted that any convolution operator Tm on
L1ðGÞ is a L1ðGÞ-multiplier operator. A careful analysis of the preceding
proof shows that Theorem 2.1 holds true if we replace L1ðGÞ by a linear
subspace Y of MðGÞ which is endowed with a Banach space topology that
makes Fourier transform on Y continuous and if we replace Tm by any Y -
multiplier operator on Y ; i.e. a linear operator T : Y ! Y with the property
that there exists a function aT on Gˆ such that cTf ðgÞ ¼ aT ðgÞ fˆ ðgÞ for all f 2 Y
and g 2 Gˆ:
Taking into account that the eigenvalues of the convolution operator Tm
are just the complex numbers l such that #m equals l on some open subset of
Gˆ; Theorem 2.1 immediately gives the following.
Corollary 2.1. Let G be a locally compact abelian group, let m be a
bounded complex-valued Borel measure on G; and let Tm be the corresponding
convolution operator f / m* f on L
1ðGÞ: Let X be a Banach space and let
S be a continuous linear operator on X : Suppose that #m is not constant on
any open subset of Gˆ: Then every linear operator F : X ! L1ðGÞ such that
FS ¼ TmF is continuous.
It is worth pointing out that the preceding results are closely related to the
problem of characterizing the topologies on function algebras and function
spaces that make a ﬁxed operator continuous [3, 4, 8, 9, 10]. The following
result illustrates this fact.
Corollary 2.2. Let G be a locally compact abelian group, let m be a
bounded complex-valued Borel measure on G; and let Tm be the corresponding
convolution operator f / m*f on L
1ðGÞ: Then the following assertions are
equivalent.
i. Every complete norm j 	 j on L1ðGÞ with the property that the
convolution operator Tm from ðL1ðGÞ; j 	 jÞ into itself is continuous is
automatically equivalent to jj 	 jj1:
ii. The codimension of flf  m* f : f 2 L
1ðGÞg in L1ðGÞ is finite
whenever l 2 C is such that #m equals l on some open subset of Gˆ:
Proof. We ﬁrst suppose that the second assertion holds. If j 	 j is any
complete norm on L1ðGÞ that makes Tm continuous, then we apply
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operator from ðL1ðGÞ; j 	 jÞ onto ðL1ðGÞ; jj 	 jj1Þ: We thus obtain that F is
continuous and the open mapping theorem now shows that F is a
homeomorphism and therefore that j 	 j is equivalent to jj 	 jj1:
We now assume that the second assertion fails to be true. Then the
codimension of M ¼ flf  m* f : f 2 L
1ðGÞg in L1ðGÞ is inﬁnite for some
eigenvalue l of Tm; which implies that there exists a discontinuous linear
functional f on L1ðGÞ such that fðMÞ ¼ f0g: Thus fðm* f Þ ¼ lfð f Þ for
each f 2 L1ðGÞ: Let u 2 L1ðGÞ=f0g such that m*u ¼ lu: Since the map f /
2f  fð f Þu is a linear bijection from L1ðGÞ onto itself, it follows that j f j ¼
jj2f  fð f Þujj1 is a complete norm on L
1ðGÞ that is not equivalent to jj 	 jj1:
On the other hand, for every f 2 L1ðGÞ we have
jm*f j ¼ jj2m*f  fðm*f Þujj1 ¼ jj2m* f  lfð f Þujj1 ¼ jjm* ð2f  fð f ÞuÞjj1
4 jjTmjjjj2f  fð f Þujj1 ¼ jjTmjjj f j;
where jjTmjj stands for the operator norm of Tm : ðL1ðGÞ; jj 	 jj1Þ ! ðL
1ðGÞ;
jj 	 jj1Þ: This shows that j 	 j makes Tm continuous and therefore that the
ﬁrst assertion fails to be true. ]
3. OPERATORS INTERTWINING WITH MULTIPLIERS
In this section we show that L1ðGÞ may be replaced by an arbitrary
Banach space Y and that the convolution operator Tm on L
1ðGÞ may be
replaced by any multiplier on Y :
In the sequel, for any Banach space X ; Xn stands for the dual space of X
and EXn for the set of extreme points of the closed unit ball of Xn: A
continuous linear operator T on a Banach space X is said to be a multiplier
if there exists a function aT on EX n such that f ðTðxÞÞ ¼ aT ð f Þ f ðxÞ for all
x 2 X and f 2 EXn : We note that aT is uniquely determined and we call it the
multiplier function of T : For a deep discussion of multipliers on Banach
spaces we refer the reader to [1].
Theorem 3.1. Let X and Y be Banach spaces and let S and T be
continuous linear operators on X and Y ; respectively. Suppose that T is a
multiplier and that the pair ðS; TÞ has no critical eigenvalue. Then every linear
operator F : X ! Y such that FS ¼ TF is continuous.
Proof. The set
faT ð f Þ : f 2 EY n and f ðyÞa0; for some y 2 SðFÞg
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2.1 with the Fourier transform at a character g replaced by the action of a
functional f 2 EYn : This gives a1; . . . ; aN 2 C such that
f ðða1IY  TÞ 	 	 	 ðaNIY  TÞyÞ ¼ 0
for all f 2 EYn and y 2 SðFÞ; where IY stands for the identity operator on Y :
Thus ða1IY  TÞ 	 	 	 ðaNIY  TÞðSðFÞÞ ¼ f0g: The rest of the proof runs just
as in the proof of Theorem 2.1. ]
Analysis similar to that in the preceding section leads to the following
results.
Corollary 3.1. Let X and Y be Banach spaces and let S and T be
continuous linear operators on X and Y ; respectively. Suppose that T is a
multiplier and that its multiplier function aT is not constant on any open subset
of EYn : Then every linear operator F : X ! Y such that FS ¼ TF is
continuous.
Corollary 3.2. Let ðX ; jj 	 jjÞ be a Banach space and let T be a multiplier
on X : Then the following assertions are equivalent.
i. Every complete norm j 	 j on X with the property that the operator T
from ðX ; j 	 jÞ into itself is continuous is automatically equivalent to jj 	 jj:
ii. The codimension of flx  TðxÞ : x 2 Xg in X is finite whenever l is an
eigenvalue of T :
Remark 3.1. It is known that for any locally compact Hausdorff space O
and for any a 2 CbðOÞ the multiplication operator x/ ax on C0ðOÞ is a
multiplier. Thus the preceding result can be thought of as an approach in
Banach space context of the results in [3, 4, 8, 9, 10].
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